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Inspired by the recent advances in multiple M2-brane theory, we consider the generalizations of Nahm
equations for arbitrary p-algebras. We construct the topological p-algebra quantum mechanics associated
to them and we show that this can be obtained as a truncation of the topological p-brane theory
previously studied by the authors. The resulting topological p-algebra quantum mechanics is discussed in
detail and the relation with the M2–M5 system is pointed out in the p = 3 case, providing a geometrical
argument for the emergence of the 3-algebra structure in the Bagger–Lambert–Gustavsson theory.
© 2009 Elsevier B.V. All rights reserved.1. Introduction
Recently the appearance of new classes of gauge theories stimu-
lated a growing interest in p-algebras as possible generalizations of
the standard Lie algebras in the description of gauge interactions.
In particular, based on a 3-algebra, a multiple M2-brane theory
[2,23] has been constructed overcoming the no-go theorem [31]
on the formulation of superconformal N = 8 Chern–Simons the-
ories. A crucial input for this construction came from the study
of the M2–M5 system in the Basu–Harvey’s work [3] where an
equation describing the BPS bound state of multiple M2-branes
ending on an M5 was formulated. The Basu–Harvey equation is
a generalization of the Nahm equation [27] involving an algebraic
structure modeled on the Nambu bracket [28] (for a recent review
see [17]). p-algebras can be obtained as linearizations of Nambu
algebras [32]. This has been used in [15] to infer the N3/2 scal-
ing of the degrees of freedom of the M2-branes (see also [19] for a
different argument). A wide amount of literature has been inspired
on related subjects.
In a series of papers [11–13], the authors formulated a class of
topological theories for p-branes. These are based on the realiza-
tion of p-brane instantons wrapping calibrated cycles as solution
of BPS bounds for the Nambu–Goto action. We will observe that
these equations can be rewritten in terms of Nambu brackets. In
this note we present a p-algebra version of these topological the-
ories based on the correspondence between the Nambu brackets
and p-algebras.
In particular, for p = 3 we will show that the discretization of
the 3-brane instanton coincides with the generalized Basu–Harvey
equation as studied in [8,25]. This corresponds to M2–M5 sys-
* Corresponding author.
E-mail address:maxim.zabzine@teorfys.uu.se (M. Zabzine).0370-2693/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.physletb.2009.01.051tem compactiﬁed on a Spin(7) holonomy manifold, with the M5
wrapping a calibrated Cayley four-cycle. Therefore, in the inter-
nal manifold, the M5 can be described in terms of a topological
3-brane theory. From the M2-brane viewpoint, this can be recov-
ered as the large N limit of the generalized Basu–Harvey equation.
This provides a geometrical argument for the emergence of the
3-algebra structure in the Bagger–Lambert theory. Moreover, our
classiﬁcation of topological p-brane theories and the correspond-
ing calibrations encompasses all the intersecting M2–M5 brane
systems studied in [21].
The Letter is organized as follows. In Section 2 we review the
construction of topological p-brane theory associated to a real
(complex) cross vector product. Section 3 is devoted to the formu-
lation of the p-algebra version of the topological p-brane theories.
In Section 4 we provide some examples and applications of our for-
malism. We discuss the p = 2 case corresponding to the descrip-
tion of membrane instanton via generalized Nahm equations and
the p = 3 case corresponding to the relation between 3-algebras
and M2–M5 systems. Section 5 is left for concluding comments
and open questions.
2. Topological brane theory
In this section we review the topological p-brane theory elab-
orated in [11–13]. This is a cohomological ﬁeld theory which
generalizes the Baulieu–Singer approach [5] to topological two-
dimensional sigma model (A-model) to topological branes associ-
ated with real (complex) vector cross products. Indeed the present
construction can be naturally interpreted within the Mathai–
Quillen formalism.
Consider the Nambu–Goto p-brane theory on the manifold M
with Riemannian metric g
S =
∫
dp+1σ
√
det
(
∂α Xμgμν∂β Xν
)
, (2.1)
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sional world-volume Σp+1 to M . If Σp+1 = I×Σp with I being the
interval (S1 or R) we can gauge ﬁx diffeomorphisms and obtain
the following action
S = 1
2
∫
dp+1σ
(
X˙μgμν X˙
ν + det(∂a Xμgμν∂b Xν)), (2.2)
with X˙μ = ∂0Xμ and a,b = 1, . . . , p label the directions along Σp .
Assuming that there is a (p + 1)-form φ on M we can write down
the bound∫
dp+1σ
(
X˙μ ± φμν1...νp∂1Xν1 · · · ∂p Xνp
)
× gμλ
(
X˙λ ± φλσ1...σp∂1Xσ1 · · · ∂p Xσp
)
 0. (2.3)
If φ and g correspond to a vector cross product structure on M
(see Appendix B in [12] for the deﬁnition and properties), then the
bound (2.3) can be rewritten as follows
1
2
∫
dp+1σ
(
X˙μgμν X˙
ν + det(∂a Xμgμν∂b Xν))
∓ 1
(p + 1)!
∫
X∗(φ). (2.4)
Moreover, if dφ = 0 the right-hand side is a topological invariant.
The bound (2.4) is saturated for
X˙μ ± 1
p!

a1...apφμν1...νp∂a1 X
ν1 · · · ∂ap Xνp = 0. (2.5)
We will name the solutions of this equation as p-brane instantons.
Actually, one of their properties is that they span submanifolds
in M which are calibrated by φ.
Let us consider the topological p-brane theory deﬁned by the
topological term
Stop = − 1
(p + 1)!
∫
X∗(φ), (2.6)
where φ is a closed (p + 1)-form corresponding to a cross vector
product on M . We want to construct the gauge ﬁxed action for this
theory. In what follows we would consider the case when ∇φ = 0
with ∇ being the Levi-Civita connection, however this is not es-
sential for the construction and everything can be generalized for
a generic closed φ (see [12]). The action (2.6) is invariant under
the gauge symmetry δXμ = 
μ . We deﬁne the BRST transforma-
tions as follows
sXμ = ψμ, sψμ = 0, sψ¯μ = bμ, sbμ = 0, (2.7)
where the ﬁelds X,ψ, ψ¯,b have the ghost numbers 0,1,−1,0 cor-
respondingly. Choosing the gauge function as
Fμ = X˙μ + 1
p!

a1...apφμν1...νp∂a1 X
ν1 · · · ∂ap Xνp + Γ μσρψ¯σ ψρ,
(2.8)
we deﬁne the gauge ﬁxed action as
SGF = − 1
(p + 1)!
∫
X∗(φ) +
∫
dp+1σ s
(
ψ¯μ
(
gμν X˙
ν
+ 1
p!

a1...apφμν1...νp∂a1 X
ν1 · · · ∂ap Xνp
+ 1
2
Γμσρψ¯
σ ψρ − 1
2
gμνb
ν
))
. (2.9)
After path integrating over bμ , we arrive to the following gauge
ﬁxed actionSGF =
∫
dp+1σ
(
1
2
X˙μgμν X˙
ν
+ 1
2
det
(
∂a X
μgμν∂b X
ν
)− ψ¯μgμν∇0ψν
− 1
(p − 1)!φμν1ν2...νp ψ¯
μ∇a1ψν1∂a2 Xν2 · · · ∂ap Xνp
a1a2...ap
+ 1
4
Rμσλρψ¯μψρψ¯σ ψλ
)
, (2.10)
where ∇αψ is deﬁned as
∇αψμ = ∂αψμ + Γ μρλ∂α Xρψλ. (2.11)
The action (2.10) is invariant under the following BRST transforma-
tions
sXμ = ψμ, sψμ = 0,
sψ¯μ = X˙μ + φμν1...νp ∂1Xν1 · · ·∂p Xνp + Γ μσρψ¯σψρ, (2.12)
which are nilpotent on-shell. The action (2.10) can be rewritten as
SGF = − 1
(p + 1)!
∫
X∗(φ)
+ 1
2
∫
dp+1σ s
(
ψ¯μ
(
gμν X˙
ν + φμν1...νp∂1Xν1 · · · ∂p Xνp
))
.
(2.13)
This implies that this cohomological model is localized on p-brane
instantons (2.5). The observables are labeled by the de Rham co-
homology of M and the resulting TFT produces some invariants
associated to a moduli space of p-brane instantons [13].
These TFTs are speciﬁed by the real vector cross products (φ, g).
Indeed the real vector cross products have been classiﬁed by
Brown and Gray [14,22]. There are four different cases when the
cross product exists. The ﬁrst case corresponds to φ being the vol-
ume form on M . In this case the TFT we constructed corresponds
to p-brane theory embedded into (p + 1)-dimensional space M .
The second case corresponds to a symplectic manifold with φ be-
ing a closed non-degenerate 2-form. The corresponding TFT is just
topological two-dimensional sigma model (A-model) [35]. The re-
maining two vector cross product structures are the exceptional
cases. The ﬁrst exceptional case corresponds to seven-dimensional
manifold M with G2-structure, φ being the invariant 3-form. This
TFT describes a topological membrane theory localized on the as-
sociative maps. The second exceptional case corresponds to eight-
dimensional manifolds with Spin(7)-structure where φ is the asso-
ciated 4-form (the Cayley form). In this case we have a topological
theory for 3-branes wrapping Cayley submanifolds.
The above construction can be extended to the case of complex
vector products (φ, J , g). As an example, one can consider φ to
be the holomorphic volume form on a Calabi–Yau manifold and
in this case the topological brane theory localizes on submanifolds
calibrated by the real part of the holomorphic volume form. For
further details the reader may consult [12].
Let us conclude with a few general remarks about these theo-
ries. Except for the A-model, the study of these TFTs is obstructed
by the lack of knowledge about the moduli space of p-brane in-
stantons. Moreover, it is diﬃcult to formulate these TFTs in a fully
covariant formalism. One possibility for p even is to use the con-
tact structure on Σp+1. Alternatively one can easily write a covari-
ant version of instanton equation (2.5), but this provides redundant
gauge ﬁxing conditions (see [13] for the membrane case). The dis-
cretized version which we will explain in the next section may
help to overcome some of these diﬃculties.
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In this section we discuss the p-algebra version of the topolog-
ical p-brane theories that we just reviewed. The starting point of
our construction is the observation that on the spatial part Σp of
the world-volume a canonical Nambu bracket1 is deﬁned through
the Jacobian{
Xν1 , Xν2 , . . . , Xνp
}= 
a1...ap∂a1 Xν1 · · · ∂ap Xνp . (3.14)
This Nambu bracket appears through the whole construction. In
particular the topological term (2.6) can be rewritten as
Stop = − 1
p!
∫
dp+1σ X˙ν0
{
Xν1 , Xν2 , . . . , Xνp
}
φν0ν1...νp (3.15)
and the p-brane instanton (2.5)
X˙μ + 1
p!φ
μ
ν1ν2...νp
{
Xν1 , Xν2 , . . . , Xνp
}= 0. (3.16)
The idea is to replace everywhere the Nambu bracket by the cor-
responding p-algebra bracket in a consistent way. In more physical
terms this formal replacement can be viewed as some sort of trun-
cation of the p-brane theory, very much in the spirit of the orig-
inal matrix membrane theory [20]. From the mathematical point
of view p-algebra brackets can be regarded as a linearization of
Nambu brackets [32].
Let us perform the systematic analysis of the model. Consider a
theory on the interval (circle) I with the bosonic ﬁeld X(t) taking
value in Rd ⊗ V , where V is some representation of the p-algebra.
We use the following convention Xμ(t) = Xμa (t)T a with μ being
an index along Rd and T a ’s form a basis in V .
Assume now that Rd is equipped with a constant vector cross
product2 (φ, g). Then in this setup the p-brane instanton equa-
tion (3.16) becomes
X˙μ + 1
p!φ
μ
ν1ν2...νp
[
Xν1 , Xν2 , . . . , Xνp
]= 0, (3.17)
which is a generalization of the original Nahm equation [27] to the
p-algebra case (for earlier discussion of such generalization for p =
3 see the Basu–Harvey’s work [3]). We will review some examples
of (3.17) in the next section. If the p-algebra V is equipped with
an invariant inner product,3 which we denote by “Tr”, then the
topological term (3.15) becomes
Stop = − 1
p!
∫
dt Tr
(
X˙ν0
[
Xν1 , Xν2 , . . . , Xνp
])
φν0ν1...νp . (3.18)
This term is invariant under δXμ = 
μ , modulo appropriate bound-
ary conditions if we consider the theory on the interval.
Introducing now the ﬁelds ψ , ψ¯ , b valued in Rd ⊗ V with ghost
numbers 1,−1,0 respectively, we deﬁne the BRST symmetry s in
the same way as in (2.7). In analogy with the previous discussion
the gauge ﬁxed action is
SGF = Stop + s
∫
dt Tr
(
ψ¯μ,
(
X˙μ
+ 1
p!φμν1...νp
[
Xν1 , . . . , Xνp
]− 1
2
bμ
))
, (3.19)
1 The Nambu bracket was proposed in [28]. The ﬁrst systematic study of it and
its Lie algebra analog has been done by L. Takhtajan in [32]. For further applications
of the classical and quantum Nambu brackets the reader may consult [17,18,36].
2 In the whole discussion Rd can be replaced by any space where we can deﬁne
a constant cross vector product, e.g. torus Td , etc.
3 p-algebras with positive invariant inner product are quite rigid objects, see [29].
As far as our classical discussion is concerned, we do not require the inner product
to be positive deﬁnite. However, notice that if one wants to regard the p-algebra as
coming as a truncation of the Nambu algebra of functions on Σp , then one should
keep this requirement.where we use a constant metric g on Rd to contract the indices.
Using the BRST transformations and integrating out b we get
SGF =
∫
dt Tr
(
1
2
∂0X
μ∂0Xμ − ψ¯μ∂0ψμ
+ 1
2p!
[
Xν1 , . . . , Xνp
][
Xν1 , . . . , Xνp
]′
− 1
(p − 1)! ψ¯
μ0
[
ψμ1 , Xμ2 , . . . , Xμp
]
φμ0μ1...μp
)
. (3.20)
This action is reminiscent of the Bagger–Lambert action for
3-algebras [2]. In the next section we will provide more details on
the BPS equation of the Bagger–Lambert–Gustavsson theory which
corresponds to the 3-algebra version of the topological 3-brane in-
stantons.
The action (3.20) has the following odd symmetries
sXμ = ψμ, sψμ = 0,
sψ¯μ = ∂0Xμ + 1
p!φ
μ
ν1ν2...νp
[
Xν1 , Xν2 , . . . , Xνp
]
, (3.21)
s¯Xμ = ψ¯μ, s¯ψμ = ∂0Xμ − 1
p!φ
μ
ν1ν2...νp
[
Xν1 , Xν2 , . . . , Xνp
]
,
s¯ψ¯μ = 0, (3.22)
which obey the following on-shell algebra
s2 = 0, s¯2 = 0, ss¯ + s¯s = 2∂0. (3.23)
Thus the action (3.20) displays N = 2 supersymmetry. Moreover,
(3.20) is invariant under the adjoint action of the p-algebra
δΛX
μ = adΛ Xμ, δΛψμ = adΛ ψμ, δΛψ¯μ = adΛ ψ¯μ, (3.24)
where Λ ∈ ∧p−1 V is a constant parameter and adΛ vμa =
f
b1...bp
a Λb1...bp−1 v
μ
bp
. This symmetry is remnant of the spacial
volume-preserving inﬁnitesimal diffeomorphisms on Σp after the
truncation to the p-algebra. Indeed the adjoint action is a deriva-
tion of p-algebra and gives rise to a Lie algebra [δΛ, δΛ′ ] = δΛ,Λ′ .
This is similar to the case of Nambu bracket where the inﬁnites-
imal volume-preserving diffeomorphisms are derivation of the
Nambu bracket and they form a Lie algebra. Since the adjoint ac-
tion is a derivation of the bracket we have
sδΛ − δΛs = 0, s¯δΛ − δΛ s¯ = 0. (3.25)
In fact the action (3.20) can be rewritten in superﬁeld formalism
where N = 2 supersymmetry becomes manifest. Namely introduc-
ing the superﬁeld X : I1|2 → Rd ⊗ V written in components as
X = X + θ+ 1√
2
(ψ + ψ¯) + θ− 1
i
√
2
(ψ − ψ¯) + θ+θ−F
and the covariant odd derivatives
D± = ∂
∂θ±
+ θ±∂0,
we can write the action
SGF = −1
2
Tr
∫
dt dθ+ dθ−
(
D+XμD−Xμ + W (X)
)
(3.26)
with the superpotential
W (X) = − 2i
(p + 1)! f
a0a1...apφν0ν1...νpX
ν0
a0X
ν1
a1 · · ·Xνpap . (3.27)
Upon integrating over the odd measure and the auxiliary ﬁeld F
the action (3.26) produces the component version (3.20). From the
point of view of additional supersymmetries the action (3.26) is
somehow very amazing. Namely, any transformation of the form
δX = J(
+D+ + 
−D−)X, (3.28)
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algebra if J2 = ±1. The kinetic term in the action is invariant if the
metric and Tr are hermitian with respect to J. Indeed this free ki-
netic term is the most supersymmetric action one can construct.
The superpotential (3.26) W should be invariant by itself. In gen-
eral it is hard to construct superpotentials invariant under a large
amount of supersymmetry and the ability to write such superpo-
tentials is related to the existence of invariant tensors with respect
to rotations. For example, if we look at the case R8 ⊗ R4 with R4
equipped with the canonical 3-bracket (given by epsilon-tensor)
and R8 with Cayley 4-form Ψ then the superpotential
W (X) = − i
12

a0a1a2a3Ψν0ν1ν2ν3X
ν0
a0X
ν1
a1X
ν2
a2X
ν3
a3
has SO(4) × Spin(7) symmetry group. Notice that this generalizes
the superpotential appearing in the N = 2 formulation of the
Bagger–Lambert–Gustavsson theory given in [7]. It is worthwhile
to remark that the quantum mechanical model (3.26) admits eas-
ily higher-dimensional generalizations.
Coming back to (3.20), the global symmetry (3.24) can be
gauged by introducing a connection A ∈∧p−1 V which transforms
as
δΛA = −∂0Λ − A,Λ, (3.29)
where the bracket  , is understood as a bracket of derivations.
The corresponding gauge invariant action is
SGF =
∫
dt Tr
(
1
2
D0X
μD0Xμ − ψ¯μD0ψμ
+ 1
2p!
[
Xν1 , . . . , Xνp
][
Xν1 , . . . , Xνp
]
− 1
(p − 1)! ψ¯
μ0
[
ψμ1 , Xμ2 , . . . , Xμp
]
φμ0μ1...μp
)
, (3.30)
which is invariant under the transformations (3.24) and (3.29) with
now Λ being an arbitrary function. Correspondingly the covariant
derivatives are deﬁned as
D0X
μ = ∂0Xμ + adA Xμ, D0ψμ = ∂0ψμ + adA ψμ. (3.31)
Alternatively we could use the matrix conventions for the adjoint
action. The action (3.30) in the case of 3-algebra could be ob-
tained through an appropriate truncation of the Bagger–Lambert
action [2].
4. Examples and applications
In this section we brieﬂy go through some examples and appli-
cations of the p-algebra theories we have constructed.
We start with the p = 2 case where we discuss the relation
between membrane instantons, Nahm equations and their gener-
alization to octonion algebra. We then move to the topological
3-brane case: as we discussed in the introduction this topological
theory is effectively counting solutions to the Basu–Harvey equa-
tions.
4.1. Topological membranes and Nahm equation
Consider the membrane theory on R3 with a corresponding
cross vector product given by the volume form 
μνρ . This theory
describes maps X : S1 ×Σ2 → R3 and is localised on those satisfy-
ing
∂0X
μ + 
μνρ∂1Xν∂2Xρ = 0. (4.32)
4 The supersymmetry transformations square to translations and pseudo-
supersymmetry to minus translations. Since we are not concerned with the her-
miticity properties here we may consider both cases.It has been pointed out already in 1989 [33] that Eq. (4.32) is re-
lated to the Nahm equation (also see [16] for related interesting
discussions). The topological term of the corresponding matrix the-
ory is
Stop = −1
2
∫
dt Tr
(
X˙μ
[
Xν, Xρ
])

μνρ. (4.33)
The gauge ﬁxed theory is localized on the solutions of the well-
known Nahm equation
dXμ
dt
+ 1
2

μνρ
[
Xν, Xρ
]= 0. (4.34)
Indeed, the large N-limit of this topological matrix theory should
reproduce the calculations of the membrane theory above. It is
worthwhile to remark that (4.34) is the dimensional reduction to
one dimension of the self-duality equation for a gauge ﬁeld in four
dimensions. The invariant (4.33) comes from
∫
M4
Tr(F ∧ F ). Thus
this theory can be regarded as a reduction to one dimension of
Donaldson–Witten theory [4,34].
The above construction can be extended to higher-dimensional
target spaces, namely to seven-dimensional G2 manifolds with a
constant cross vector product. In this case the theory localizes on
associative maps, whose Lie-algebra description is given by
dXμ
dt
+ 1
2
φμνρ
[
Xν, Xρ
]= 0, (4.35)
where φ is the 3-form associated to the G2 structure on R7. The
equation above can be derived in a similar way as for Eq. (4.34)
from the octonion self-duality equations for a gauge ﬁeld in eight
dimensions which were studied in [1,6,9,10]. Analogously the topo-
logical matrix theory can be derived as a dimensional reduction of
the eight-dimensional topological gauge theories in [1,6,9].
Another possible construction can be obtained by considering
the holomorphic analog of Nahm equation using the holomorphic
volume form for a Calabi–Yau manifold. This would provide a 2d
topological theory.
4.2. 3-algebras and M2–M5 system
For p = 3 we can consider a topological theory of maps
X : S1 × Σ3 → R4 with cross vector product induced by the vol-
ume form 
μνρσ . This localizes on maps
∂0X
μ + 
μνρσ ∂1Xν∂2Xρ∂3Xσ = 0. (4.36)
The discretized theory then localizes on the solutions to the Basu–
Harvey equation
dXμ
dt
+ 1
3!

μ
νρσ
[
Xν, Xρ, Xσ
]= 0. (4.37)
A generalization of this set-up is obtained by considering the
following M2–M5 system. Consider M-theory on R1,2 × X8, with
X8 an 8-manifold with Spin(7) holonomy. If X8 is compact, this ge-
ometry produces N = 1 susy in three dimensions. Let us take a set
of M2-branes at points in X8, therefore elongating along R1,2, and
an M5 on which these membranes terminates. If C4 is any Cayley
4-cycle in X8 containing the points at which the M2-branes are
located, then the M5-brane can be taken along R1,1 × C4, where
R1,1 ⊂ R1,2 describes the string along the M-branes intersection.
We can consider the system above from two different points
of view, namely that of the M2-branes and that of the M5-branes.
Our aim is to show the connection between the two.5
5 A relation between the M2 and the M5 worldvolume theories has been noticed
also in [26,30].
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This is described by a generalized Bagger–Lambert–Gustavsson the-
ory. The BPS conﬁgurations are obtained by saturating the super-
symmetry via the natural spinor provided by the Spin(7) holon-
omy, which satisﬁes ΨI J K Lγ I J K Lε = ε, where ΨI J K L is the Cayley
four-form. The BPS condition on the supersymmetry variation with
zero gauge ﬁeld reads
δψ = ∂μX IΓ μI 
 + Γ J K L
[
X J , XK , XL
]

 = 0, (4.38)
where here μ = 0,1,2 are the world-volume indices and I, J , . . . =
1, . . . ,8 the transverse target space ones. The corresponding spinor
satisﬁes both the world-volume chirality constraint Γ 012
 = 
 and
the Spin(7) polarization Γ 12I J LKΨI J K L
 = 
 . We solve them by
splitting Spin(1,10) → Spin(1,2) × Spin(8) as 
 = η ⊗ ε, where6
η = γ 012η. Plugging this in the BPS condition, and using
ΨI J K Lγ
I J K Lγ MNP ε = Ψ MNPL γ Lε (which follows from the chiral-
ity of ε and the self-duality of the Ψ tensor) we stay with
∂μX
Iγ
μ
I 
 + Ψ J K L I
[
X J , XK , XL
]
γ 12γ I
 = 0. (4.39)
If we choose now X I to depend only on the coordinate t transverse
to the M5, by using the world-volume chirality we get(
∂0X
I + Ψ J K L I
[
X J , XK , XL
])
γ 0γ I
 = 0, (4.40)
which implies the (generalized) Basu–Harvey equation [8,25]
∂0X
I + Ψ J K L I
[
X J , XK , XL
]= 0. (4.41)
We observe that for consistency of the 3-algebra theory Ψ J K L I
should undergo some constraints coming from the integrability
condition of (4.41) which are solved by ﬂat X8 and constant Ψ .
Let us now take the point of view of the euclidean M5-brane.
This is located at some given value of a spatial coordinate of the
M2 brane, say X1, and wraps the Cayley four cycle. Its world-
volume is then R(1,1) × C4. From the internal Spin(7) manifold
point of view the M5 brane corresponds to an euclidean three-
brane wrapping a Cayley submanifold. A topological theory count-
ing such BPS objects was deﬁned in [12]. This corresponds to a
theory of maps embedding the world-volume of the three-brane
S1 × Σ3 into a Spin(7) manifold satisfying the condition
∂0X
I + Ψ I J K L∂1X J ∂2XK ∂3XL = 0, (4.42)
where ∂0 is the derivative in the S1 direction and the remain-
ing are along the Σ3 manifold. By a suitable gauge-ﬁxing of the
M5-brane world-volume diffeomorphisms we can identify this di-
rection with t . The above equations can be regarded as the large
N limit of (generalized) Basu–Harvey equations! Indeed, following
the results of the previous section, by using the Nambu bracket
on Σ3 we can rewrite (4.42) as
∂0X
I + Ψ I J K L{X J , XK , XL}= 0 (4.43)
implying that (4.41) reproduces (4.43) in the continuum limit.
5. Further directions
In this note we have discussed that the truncation of Nambu
algebras to p-algebras gives rise to a novel class of topological
(quantum mechanical) theories which can be regarded as regu-
larizations of topological brane theories. Moreover, this truncation
provides a link between p-brane instantons and solutions of gen-
eralized Nahm equations. The generalized Nahm equation
X˙μ + 1
p!φ
μ
ν1...νp
[
Xν1 , . . . , Xνp
]= 0
6 Γ A (A = 0, . . . ,10) correspondingly split as Γ μ = γ μ ⊗ 18 and Γ I = γ 012 ⊗γ I .can be studied with the natural boundary conditions Xμ(t) ∼
Xμ0 /t
1
p−1 up to less singular terms, where Xμ0 is an element in
the p-algebra satisfying the relation
Xμ0 =
1
p(p − 2)!φ
μ
ν1...νp
[
Xν10 , . . . , X
νp
0
]
.
This could be taken as a starting point to deﬁne generalized fuzzy
geometries related to p-brane instantons.
An application of the p-algebra TFT that we elaborated could
be the deﬁnition of a regularized version of the moduli space of
supersymmetric calibrated cycles in terms of algebraic equations.
Indeed, the limited knowledge of the properties of these spaces is
one of the main obstructions to fully explore the topological brane
theory at quantum level. It is crucial in this respect that the regu-
larization is preserving the topological features of the theory.
It could be interesting also to investigate whether our p-algebra
instanton equation provides an ADHMN-like construction of other
BPS conﬁgurations in the Bagger–Lambert theories (and its massive
deformations) as, for example, Chern–Simons vortices (see [24] too
for some related comments).
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